Taking the competition and the mutual screening of various bosonic fluctuations in correlated electron systems into account requires an unbiased approach to the many-body problem. One such approach is the self-consistent solution of the parquet equations, whose numerical treatment in lattice systems is however prohibitively expensive. In a recent article it was shown that there exists an alternative to the parquet decomposition of the four-point vertex function, which classifies the vertex diagrams according to the principle of single-boson exchange (SBE) [F. Krien, A. Valli, and M. Capone, arXiv:1907.03581 (2019)]. Here we show that the SBE decomposition leads to a closed set of equations for the Hedin three-leg vertex, the polarization, and the electronic self-energy, which sums self-consistently the diagrams of the Maki-Thompson type. This circumvents the calculation of four-point vertex functions and the inversion of the Bethe-Salpeter equations, which are the two major bottlenecks of the parquet equations. The convergence of the calculation scheme starting from a fully irreducible vertex is demonstrated for the Anderson impurity model.
I. INTRODUCTION
Taking nonlocal correlations in electronic systems into account is a challenging task, which is necessary to study, for example, unconventional superconductivity [1] [2] [3] [4] [5] or non-Fermi liquid behavior induced by soft collective modes [6] . The theoretical tools to investigate these phenomena are however limited, in particular in absence of small parameters and in presence of multiple competing fluctuations. In some cases, when correlations are sufficiently short-ranged, cluster approaches [7, 8] or quantum Monte-Carlo techniques [9] can be applied, for recent applications see, for example, Refs. [10] [11] [12] . These methods give direct access to the correlation functions, without having to discern their quantum field theoretical content in terms of Feynman diagrams. However, they can not capture long-range correlations beyond the finite-size cluster.
In order to reach the thermodynamic limit, it can be more convenient to employ techniques of quantum field theory, which allow systematic approximations of one-and two-particle correlation functions. In fact, the stochastic sampling [13] [14] [15] of a diagrammatic perturbation series even gives access to numerically exact solutions when the perturbation order is sufficiently bounded [16, 17] . The effects of long-ranged correlations in the two-and three-dimensional Hubbard model have been studied successfully within the two-particle self-consistent (TPSC) approach [18, 19] and using diagrammatic extensions of the dynamical mean-field theory (DMFT) [20] . Examples are the dynamical vertex approximation (DΓA) [21] and the dual fermion approach [22] , see also Ref. [4] for a review. These methods brought important insights into, for instance, the absence of a Mott-Hubbard transition [23] [24] [25] and high-temperature superconductivity [3, 5] in the twodimensional Hubbard model on the square lattice, the critical properties of the half-filled three-dimensional Hubbard model [26, 27] , quantum criticality [28, 29] , and Fermi condensation near van Hove singularities [30] .
Despite this success, there remain open questions and problems which have not been addressed sufficiently, due to intrinsic limitations of the diagrammatic approximations. In particular, the DΓA and the dual fermion approach have mainly been applied within their respective ladder approximation, which takes the feedback of antiferromagnetic correlations on the electronic self-energy into account, similar to the TPSC approach. Different bosonic fluctuations are however not treated on an equal footing. For example, away from half-filling pairing fluctuations may be strong, but their feedback on the selfenergy is neglected. The ladder approximation can be used to determine a superconducting instability [3, 5] , but it is not feasible to investigate the interplay of pairing fluctuations with the antiferromagnetic fluctuations and, hence, the potentially strong feedback of this interplay on the electronic density of states is not taken into account.
The underlying challenge here is an unbiased treatment of the vertex corrections, which in general requires the self-consistent renormalization of the four-point vertex function and the inversion of the Bethe-Salpeter equations in presence of the full momentum-dependence of the vertex. The ladder approximation circumvents this by adding nonlocal terms to the electronic self-energy, but not to the four-point vertex corrections of the underlying DMFT approximation, which leads to only a partial momentum-dependence of the full vertex function. This discourages the application of the ladder DΓA and ladder dual fermion to transport phenomena, since the optical response is completely unaffected by the vertex corrections of the DMFT approximation [31] . In strongly correlated systems the full momentum-dependence of the vertex is however crucial for the optical conductivity, even at high temperature [11, 12] . Due to the missing vertex corrections the ladder approximation is also thermodynamically inconsistent, which leads to multiple values of the total energy [32] and inconsistent critical behavior of single-and two-particle quantities [33] . In fact, also the Mermin-Wagner theorem is satisfied only partially, because in two dimensions the antiferromagnetic longrange order is suppressed to zero temperature, but the superconducting instability is not [34] . It is plausible that the strict satisfaction of the Mermin-Wagner theorem requires a feedback of the pairing fluctuations on the electronic self-energy.
Of course, there exists a rigorous formalism for the full renormalization of the vertex function, which starts from the parquet decomposition of the vertex and requires the self-consistent solution of the parquet equations [35, 36] . The parquet formalism is in principle unbiased with respect to the dominance of a particular fluctuation mechanism, in fact, the self-consistent parquet solution is closely related to the functional renormalization group (fRG) [37] . The algorithmic complexity of the parquet equations is however large due to the memoryintensive storage of various momentum-dependent vertex functions [38] [39] [40] [41] [42] and the corresponding matrix inversion of the Bethe-Salpeter equations. It is indeed possible to solve the parquet equations on a small lattice [38, 39, [43] [44] [45] , which also allows the application of the full DΓA scheme to transport phenomena. This reveals a significant effect of strong antiferromagnetic fluctuations on the optical conductivity [46] . However, due to the severe restrictions on the lattice size it is not possible to study the effect of long-ranged correlations on transport properties.
We propose in this work an alternative to the traditional parquet formalism, which avoids the storage of four-point vertices and the Bethe-Salpeter equations. The main idea is to obtain a closed set of equations for the Hedin three-leg vertex [47] , which depends only on two momentum-energies, rather than three as the fourpoint vertex. The idea of gaining numerical feasibility in this way is therefore reminiscent of the TRILEX approach [48, 49] , where nonlocal corrections to the Hedin vertex are however neglected. In our framework the nonlocal corrections are constructed from a set of parquetlike equations for the Hedin vertex. The latter are based on the notion of irreducibility with respect to the Hubbard interaction, rather than with respect to pairs of Green's function lines, which underlies the original parquet equations. It was shown recently in Ref. [50] that this naturally leads to a unique single-boson exchange (SBE) decomposition of the full four-point vertex, whose reducible components are given by the Hedin vertex and the screened interaction. The decomposition has several promising applications, such as parametrizations of the vertex function, and in Ref. [51] it was used to obtain an improved TRILEX approximation. The purpose of the present work is to show that the SBE decomposition has a corresponding set of equations which allows the selfconsistent reconstruction of the vertex function, starting from a fully irreducible vertex (analogous to the parquet equations). We then show that this set of equations can be cast into a three-leg form, which avoids the storage and handling of intermediate four-point vertices.
In accord with the discussion above, the ultimate goal is to study competing fluctuations in lattice models. Our formalism is a promising candidate for this, because its complexity lies between the ladder approximation on the one side, and the parquet equations on the other. However, in this work we set a more humble objective of a proof of concept, by deriving the parquet-like equations for the Hedin vertex and applying them to zerodimensional impurity models. This gives a complete overview of the calculation scheme, but requires significantly less numerical resources and implementational precautions.
We therefore define the four-and three-point vertices of the Anderson impurity model (AIM) in the following Sec. II. In Sec. III we derive parquet-like equations for the Hedin vertex starting from the SBE decomposition and formulate the calculation cycle. In Sec. IV we solve the set of equations in the atomic limit and for the AIM. In Sec. V we discuss possible approximation schemes for the extension to lattice models. Finally, in Sec. VI we draw our conclusions.
II. VERTEX FUNCTION OF THE ANDERSON IMPURITY MODEL
In our applications we consider the AIM with the imaginary time action,
where c * , c are Grassmann numbers, σ =↑, ↓ is the spin index, ν and ω are fermionic and bosonic Matsubara frequencies, respectively. U is the Hubbard repulsion between the densities n σ = c * σ c σ . The chemical potential is fixed to µ = U 2 (half-filling). Summations over Matsubara frequencies ν, ω contain implicitly the factor T = β −1 , the temperature. We consider two cases for the hybridization function ∆ ν , which is either set to zero (atomic limit), or it corresponds to the self-consistent solution of the DMFT equations for the Hubbard model on the square lattice [52] . We denote as g σ (ν) = − c νσ c * νσ the Green's function of the AIM (1). We consider the paramagnetic case, the spin label σ is therefore suppressed where unambiguous. The vertex function of the AIM (1) is the connected part of the four-point correlation function,
where s α are the Pauli matrices and the label α = ch, sp denotes the charge and spin channel, respectively. The four-point vertex function f is defined as,
The SBE decomposition [50] allows to express the vertex f in terms of two-and three-point correlation functions, which are defined as follows. The charge, spin, and singlet susceptibilities are given as,
where ρ ch = n ↑ +n ↓ = n and ρ sp = n ↑ −n ↓ in the first line are the charge and spin densities whereas ρ + = c * ↑ c * ↓ and ρ − = c ↓ c ↑ describe the creation and annihilation of an electron pair [53] . The susceptibility defines the screened interaction,
where
is the bare interaction. The latter corresponds to the leading term of the two-particle self-energy of the respective Bethe-Salpeter equation, which is uniquely defined, see appendix B. We define the right-sided Hedin three-leg vertices as,
for the particle-hole channels, α = ch, sp, and
for the singlet particle-particle channel, α = s. Due to the factor w α /U α in the denominators of Eqs. (6) and (7) the Hedin vertices are irreducible with respect to the bare interaction U α of the corresponding channel, see also Refs. [50, 54] .
III. PARQUET-LIKE EQUATIONS
We derive a closed set of equations for the Hedin vertices, the polarization, and the electronic self-energy.
A. SBE decomposition
The SBE decomposition [50] partitions the vertex function into one vertex ϕ firr that is fully irreducible and three vertices ∇ that are reducible with respect to the bare interaction U α . The decomposition is exact and the full vertex is thus split into four contributions,
where ph and ph denote the horizontal and vertical particle-hole channels and pp the particle-particle channel, respectively, 2U α is a double counting correction. Eq. (8) is formulated for the particle-hole notation of the vertex for the SU(2)-symmetric case (α = ch, sp).
The key feature of the SBE decomposition is that the U -reducible vertices ∇ are given by the Hedin three-leg vertex and the screened interaction w (the boson). In the horizontal particle-hole (U -ph) channel,
whereλ and λ are the right-and left-sided Hedin vertices, respectively, which are equal under time-reversal symmetry,λ = λ. The U -ph-reducible vertex for the vertical particle-hole channel is obtained by applying the crossing relation,
and finally the U -pp-reducible vertex is given as,
whereλ s = λ s and w s are a Hedin-like vertex and the screened interaction for the singlet particle-particle channel ( ω = ω + ν + ν is the transferred frequency of a particle-particle pair).
Next, we write the full vertex f in terms of vertices ϕ firr which are U -irreducible in a particular channel,
Here, ϕ ph , ϕ ph , ϕ pp are U -irreducible in the horizontal or vertical particle-hole channel, or in the particle-particle channel, respectively. The SBE decomposition is fully analogous (but not equivalent) to the parquet decomposition, where Eqs. (12a)-(12c) play a similar role as the Bethe-Salpeter equations. We combine these equations with Eq. (8), leading to the set of equations,
B. Closed set of equations
As in the original parquet formalism, the strategy is to use the fully irreducible vertex ϕ firr as the basis for approximations, whereas all remaining vertices ϕ and ∇, as well as the electronic self-energy and the polarization function, are determined self-consistently. To this end, we need to close the set of Eqs. (8), (13a), (13b), (13c).
This can indeed be achieved because the vertices ϕ and ∇ are not independent. They are related via the Hedin vertex, which for α = ch, sp is a U -ph-irreducible threeleg vertex,λ
The Hedin vertices λ α are given by a set of three coupled, parquet-like equations, which can be solved iteratively for given fully U -irreducible three-leg vertices λ firr,α . Top: Parquet equation for the particle-hole channels,λ ch andλ sp . Bottom: Singlet particle-particle channel,λ s .
In order to obtain a closed set of equations, it is convenient to eliminate the vertices ϕ which are U -irreducible in a particular channel. To do this for the particle-hole channels, we multiply Eq. (13a) by g ν g ν +ω , sum over ν and add 1 on both sides, with the result,
where we used Eq. (14) on the left-hand-side and introduced on the right-hand-side a fully U -irreducible threeleg vertex,
which is not a Hedin vertex, since the vertex part ϕ firr is U -irreducible with respect to all channels. Eq. (15) is shown in the first line of Fig. 1 . One should note that the Hedin vertex on its left-hand-side also appears on the right-hand-side, but under a summation (or more generally under an integral). This integral equation has in fact a simple interpretation. The Hedin vertexλ is Uph-irreducible, indeed, on the right-hand-side of Eq. (15) the U -ph-reducible vertex ∇ ph does not contribute. However,λ does have U -ph-and U -pp-reducible, as well as fully U -irreducible contributions, the latter are included inλ firr,α . These three terms arise on the right-hand-side of Eq. (15) and the term −2U α cancels the bare interaction in ∇ ph and ∇ pp , which would otherwise lead to a U -ph-reducible contribution.
However, Eq. (15) is coupled to the particle-particle channel via ∇ pp . Therefore, we need another equation for the Hedin vertex λ s of the singlet channel, which is U -pp-irreducible,
Similar to the particle-hole case, we can use this relation to eliminate the vertex ϕ pp in equation (13c). After some calculation (see Appendix A) we obtain the following relation,
where we have introduced a fully irreducible vertexλ Eq. (18) is shown in the second line of Fig. 1 , its interpretation is similar to Eq. (15): In the particle-particle channel the Hedin vertex is given by fully U -irreducible diagrams,λ firr,s , and by U -ph-and U -ph-reducible diagrams, ∇ ph and ∇ ph . These vertices contribute equally (see Eq. A3 in Appendix A) and therefore ∇ ph is simply counted twice in Eq. (18).
C. Polarization and self-energy
As a last step, we need to introduce a prescription for the renormalization of the fermionic and bosonic lines in Fig. 1 . To this end, we recall that the polarization function π is given by the Hedin vertex, which defines the bosonic self-energies. These relations are shown in the first line of Fig. 2 . The screened interaction is then given as [55] ,
Finally, the fermionic self-energy is given by the Hedin vertex through the Hedin equation,
which is shown in the second line of Fig. 2 . In the Hubbard interaction U n ↑ n ↓ , the Hedin equation is subjected to the (Fierz) decoupling ambiguity of the interaction. Eq. (23) corresponds to a symmetric splitting of U into the charge and spin channels, which is in general the best option [56] , since it does not lead to a shift of the chemical potential. The decoupling ambiguity only affects the single-particle self-energy, but not the definition of the Hedin vertex or the SBE decomposition, see also Appendix B.
The Hedin equation (23) determines the Green's function via the Dyson equation,
where g 0 is the non-interacting Green's function. Fig. 3 shows diagrammatic representations of the Dyson equations (22a), (22b), and (24).
D. Calculation cycle
For a given fully U -irreducible vertex ϕ firr , the parquetlike equations in Fig. 1 , the update formulas for the selfenergies in Fig. 2 , and the Dyson equations in Fig. 3 form a closed set of equations. We formulate the calculation cycle for the SBE equations, which is shown in Fig. 4 .
Step 0: Approximation and initial guess. The parquet cycle requires an approximation for the fully U -irreducible vertex ϕ firr , which remains fixed through the iterations and is not renormalized. Furthermore, an initial guess for the Hedin vertices λ and for the self-energies π and Σ is required, which are updated at each iteration. For example, to begin the calculation from the non-interacting limit, one sets λ ch = λ sp = 1, λ s = −1, Σ = 0, and the polarizations are set to π
Step 1: Update propagators. The bosonic and fermionic propagators w and g are updated using the Dyson equations (22a), (22b), and (24).
Step 2: Calculate fully irreducible three-leg vertex. The fully irreducible vertex ϕ firr is converted into the threeleg vertices λ firr using Eqs. (16) and (19) [57].
Step 3: Update Hedin vertices. The Hedin vertices λ are updated using the parquet-like formulas (15) 
and (18).
Step 4: Update self-energies. The polarization π and the fermionic self-energy Σ are calculated from Eqs. (20), (21) , and (23), respectively.
Steps from 1 to 4 are iterated until convergence. firr , the parquet equations are iterated self-consistently following four steps (see Sec. III D) to yield all one-and two-particle correlation functions. Highlighted (in red) are the parquet inputs and outputs as well as the external self-consistency cycle to update ϕ firr , which is discussed in Sec. V B.
A simple iteration of the steps above, even with a linear mixing of the quantities Σ, π, and λ with their values from previous iterations, is not in general the most efficient solution scheme. In order to improve the convergence, a non-linear Broyden root-finding algorithm can be used. For the same number of linear updates, the Broyden solver typically converges faster than a simple mixing scheme and enhances the stability of the algorithm, see, e.g., Ref. [58] .
IV. NUMERICAL EXAMPLES A. Atomic limit
The action of the atomic limit (AL) is obtained from Eq. (1) by setting ∆ ν = 0. The main advantage of considering the AL is that one can derive exact analytical expressions for the vertex functions [59] . In particular, with the knowledge of the analytical form of the full vertex f , which can be found in Ref. [59] , and of the Hedin vertex λ (see Appendix C), the SBE decomposition (8) yields the exact fully U -irreducible vertex ϕ firr of the AL. This allows us to test the parquet equations for the Hedin vertex in a controlled environment by feeding the ϕ firr of the AL as an input, and benchmark the resulting oneand two-particle correlation functions against the exact solution. Furthermore, since there is no other energy scale beside the bare interaction U and the temperature T , the AL can be characterized in terms of the ratio U/T alone.
As a proof of concept, we begin by considering the weak-coupling regime, at U/T = 2. Fig. 5 shows the convergence of the Hedin vertex λ α νω=0 , α = ch, sp, s. In this regime, we can take an agnostic guess and set λ ch = λ sp = 1, λ s = −1, and the self-energies of the non-interacting limit, as discussed in Sec. III D. We can observe the Hedin vertex flowing from ±1 towards the exact solution within a few iteration already with a simple linear update scheme (left panels of Fig. 5 ). The accuracy and the speed of the convergence can further be improved by using a non-linear Broyden update at each iteration. The most significant systematic error of the calculation is determined by the size of the frequency window chosen for the calculation. However, the relatively high-accuracy results shown in Fig. 5 can already be obtained with an unimpressive (N ν , N ω ) = (32, 16) number of Matsubara frequencies, and the calculation can be converged on a single core within a few minutes. Calculations at larger U/T , as those shown in the following, were performed with a wider frequency windows, up to (N ν , N ω ) = (128, 32), to achieve a comparable accuracy. It is noteworthy that the computational cost for the solution of the three-leg parquet equations scales standard parquet equations requires the inversion of the Bethe-Salpeter equations, it scales ∝ (N ν N k ) 3 N ω N q [38] .
In Fig. 6 we compare the exact and the converged parquet Hedin vertex of the AL at U/T = 20. The structure of the vertex is completely reproduced by the parquet. In Fig. 7 we also show the corresponding exact fully irreducible three-leg vertex. In general, the convergence gets harder upon increasing U/T due to the exponential difference in the fluctuations in the different channels χ ch ω=0 /χ sp ω=0 ∼ e − 1 2 βU . Technical improvements, such as a non-linear Broyden update greatly help the convergence, as already mentioned (see Fig. 5 ). Besides that, it is also important to provide a reasonable initial guess, as for U/T 2 the non-interacting limit is quite inconvenient in the case of the AL. In this respect, the knowledge of the exact λ of the AL allow us to perform an annealing procedure, by feeding as initial guess of the parquet the exact Hedin vertex and the self-energies for similar parameters. On the other hand, the systematic error due to the finite frequency cutoff is rapidly suppressed by increasing the frequency window. Also, the tail handling of the Hedin vertex is trivial, since its asymptotic λ = ±1 is known exactly [60] . In general, the AIM is expected to display a smoother behavior of the physical quantities, and our numerical calculations presented in Sec. IV B confirm this expectation. 
B. Anderson impurity model
We consider an AIM corresponding to the selfconsistent DMFT solution of the two-dimensional Hubbard model on a square lattice, at half-filling. The correlation functions defined in Sec. II that correspond to the particle-hole channels (α = ch, sp) were evaluated using the ALPS solver [61] with improved estimators [62] . At half-filling, the Hedin vertex in the singlet particle-particle channel can be obtained by symmetry as λ s νω = −λ ch ν,−ω . This property is consistent with the numerical results obtained by evaluating the screened interaction w s and λ s obtained using the worm sampling method of the w2dynamics package [63] [64] [65] .
In Fig. 8 we show the exact Hedin vertex of the AIM at U = 4 and β = 5. With this choice of parameters it is also interesting to compare the Hedin vertex to the one of the AL at the same ratio U/T = 20 (shown in Fig. 6 ). The presence of the self-consistent DMFT bath, describing a Hubbard model in the Fermi liquid regime, strongly suppresses and smoothens the features of the vertex with respect to the AL.
We also numerically demonstrate that the exact Hedin vertex λ is an attractive fixed point of the parquet equations. This is done as follows. We provide as input to the parquet the exact ϕ firr obtained from the impurity solver and Eq. (8) as well as the exact self-energies Σ and π, which we do not update in the cycle. Furthermore, we need to provide an initial guess for λ. Given ϕ firr , Eq. (16) yields the fully irreducible three-leg vertex λ firr,α in the particle-hole channels α = ch, sp. Note that since the self-energy (and hence the Green's function) will not be updated, λ firr,α will also remain identical through the iterations, in contrast to the full parquet solution. The fully irreducible Hedin vertex is shown in Fig. 9 . Then, we iterate Eqs. (15) and (18) and let the Hedin vertex flow towards the fixed point.
In order to test the flow, we choose as initial guess for λ the DMFT (i.e., the numerically exact) vertex of the AIM with a perturbation. For the results shown in Fig. 8 , the perturbation is a frequency-dependent random noise η νω uniformly distributed in a range [−η, η], so that the input vertex reads
The data in Fig. 8 are obtained with η = 0.25, iterating the equations as discussed above. The resulting Hedin vertex completely reproduces the exact result, thus demonstrating the stability of the attractive fixed point. We verified that the flow is stable for several values of η and, quite impressively, even at extreme signal-to-noise ratios such as η = 0.99. On the other hand, for the parameters considered, the non-interacting limit is a poor initial guess and the parquet does not converge from there to the numerically exact result. Finally, by reviewing all our numerical results for the AL (Figs. 6 and 7 ) and the AIM (Figs. 8 and 9 ), we can comment on the contribution of the U -reducible diagrams implies that for a large impurity susceptibility the corresponding U -reducible diagrams in Eq. (9) are also large. Of the considered systems, the AL is closer than the AIM to a quantum phase transition, as χ Fig. 10 , where we compare the relative weight of the U -reducible diagrams to the full Hedin vertex λ.
V. OUTLOOK: GENERALIZATION TO LATTICE MODEL
So far we have validated the parquet equations for the Hedin vertex for the cases of the AL and the AIM, where the exact ϕ firr can be calculated analytically and numerically, respectively. However, in order to address lattice models, for which this information is not available, one needs to rely on suitable approximations for ϕ firr to feed to the parquet solver, as we will discuss in the following.
To this end, we generalize the SBE equations to the lattice Hubbard model with the following prescriptions. Any four-point vertex is a function of three momentumenergies, v(ν, ν , ω) → V (k, k , q), where k = (k, ν), q = (q, ω) and k, q are fermionic and bosonic lattice momentum, respectively. Any three-leg vertex is a function of two momentum-energies, λ(ν, ω) → Λ(k, q), and for the fermionic and bosonic self-energies, Σ(ν) → Σ(k), π(ω) → Π(q), and likewise for the propagators,
A. SBE approximation
The lowest-order approximation for the fully irreducible vertex consists in neglecting its frequency dependence, while keeping only the static contributions. Within the SBE formalism, this corresponds to
since the bare interaction is already included in the reducible vertex ∇ [50] . This is reminiscent of the parquet approximation in the standard parquet formalism. The SBE approximation can be considered the lowest-order approximation for the fully irreducible vertex and it is expected to yield a reasonable description of the lattice Hubbard model in the weak-coupling regime. The main advantage of this approach is that it allows for a selfconsistent solution of the parquet equations on the lattice without any external input, and it does not require the calculation of any four-point vertex.
B. Dynamical vertex approximation
Any step beyond the SBE approximation for the fully irreducible vertex requires to take into account the frequency structure of ϕ firr . A possible approximation scheme is inspired by the original DΓA, where the fully irreducible vertex is approximated by its local contributions, obtained from an exactly solvable auxiliary AIM,
The hybridization function of the AIM can correspond to the DMFT solution of the corresponding lattice problem, but it may also be updated with a suitable outer selfconsistency of the calculation cycle in Sec. III D. Once the parquet cycle is completed, it determines all one-and two-particle correlation functions of the lattice Hubbard model generated by the fully irreducible local vertex. The SBE-DΓA (27) is inspired by the original DΓA introduced in Ref. [21] but its diagrammatic content, implementation details, and algorithmic complexity are different. In particular, the SBE-DΓA recovers a smaller number of nonlocal diagrams than the DΓA, namely those which correspond to single-boson exchange (cf. MakiThompson diagrams [66, 67] ), while the DΓA also accounts for multi-boson exchange (cf. Aslamazov-Larkin diagrams [68] ). On the other hand, the SBE-DΓA is unaffected by divergences of the two-particle self-energy [69] and has a significantly improved numerical feasibility. The underlying assumption of the locality of ϕ firr raises the question whether the nonlocal correlations of the Hubbard model are indeed captured by the U -reducible diagrams generated by the parquet. It is difficult to address this question in general. However, as we explained above in Sec. IV, the U -reducible diagrams indeed play a key role at continuous phase transitions. This implies that in order to capture second order phase transitions of the Hubbard model with a nonlocal order parameter, it is crucial to take the spatial dependence of the U -reducible diagrams into account [4] . The SBE-DΓA is designed to do precisely this. Nevertheless, fully irreducible diagrams may also contribute to nonlocal correlations. In this case, one could supplement the local fully irreducible vertex in Eq. 27 self-consistently with nonlocal multi-boson contributions, which are not generated by the three-leg parquet but can be crucial away from particle-hole symmetry [19] .
VI. CONCLUSIONS
We have presented a new method for the fully selfconsistent calculation of vertex corrections at the oneand two-particle level. Similar to the parquet equations, a crossing-symmetric subset of the vertex diagrams is constructed iteratively, starting from a fully irreducible four-point vertex. The mutual screening and renormalization of charge, spin, and particle-particle fluctuations is taken into account. Fermionic/bosonic propagators and the vertex function are renormalized on an equal footing, leading to an unbiased treatment of competing fluctuations from different channels.
However, in contrast to the parquet equations, the vertex diagrams are classified according to the singleboson exchange (SBE) decomposition [50] , which allows to cast the self-consistent set of equations into three coupled integral equations for the Hedin three-leg vertex and four simple update formulas for the self-energies of the fermionic and bosonic propagators. This avoids the memory-intensive storage of intermediate four-point vertices and the matrix inversion of the Bethe-Salpeter equations. As a consequence, the parquet-like SBE equations for the Hedin vertex represent a practical tool to get the enormous complexity of the two-particle correlations under control. In fact, the presented applications for two systems without spatial dimensions, the atomic limit and the Anderson impurity model, can be converged within minutes on a single processing unit, whereas even for these relatively simple problems the solution of the traditional parquet equations requires parallel programming and supercomputing capacity. The generalization of the SBE equations to quantum lattice models is appealing, because a finite-size scaling analysis is feasible. For the Hubbard model we defined a suitable approximation inspired by the DΓA [21] .
